Through a theoretical coupled wire model, we construct strongly correlated electronic integer quantum Hall states. As a distinguishing feature, these states support electric and thermal Hall transport violating the Wiedemann-Franz law as (κxy/σxy) / π 2 k 2 B T /3e 2 < 1. We propose a new Abelian incompressible fluid at filling ν = 16 that supports a bosonic chiral (E8)1 conformal field theory at the edge and is intimately related to topological paramagnets in (3+1)D. We further show that this topological phase can be partitioned into two non-Abelian quantum Hall states at filling ν = 8, each carrying bosonic chiral (G2)1 or (F4)1 edge theories, and hosting Fibonacci anyonic excitations in the bulk. Finally, we discover a new notion of particle-hole conjugation based on the E8 state that relates the G2 and F4 Fibonacci states. arXiv:1901.09043v1 [cond-mat.str-el] 
Introduction -Ordinarily, the indistinguishability of quantum particles is embodied by either bosonic or fermionic statistics. In two dimensions, however, the complexity of quantum many-body interference phenomena is brought to a new level of depth as anyon statistics becomes a possibility [1] [2] [3] . The magneticquenched kinetic energy of the lowest Landau level in a (2+1)D electron gas makes fractional quantum Hall fluids the paradigmatic anyonic system [4] . The remaining Coulomb interactions establish long-range entanglement in these phases, where topological order develops with gapless charge and energy transporting edge-modes and whose bulk excitations display anyonic behavior.
While a sensitive competition among phases is ubiquitous in fractional quantum Hall systems, less diversity is discussed at integral quantum Hall (IQH) plateaus, prompting the question: can interactions drive topological phase transitions in Hall fluids at integral magnetic filling fractions? Here we answer this query in the affirmative, providing explicit examples based on exactly solvable coupled-wire constructions [5] and showing that such transitions are traceable by changes in the Wiedemann-Franz law [6] .
To direct our construction towards a noteworthy scenario, we take the point of view that while all anyons are remarkable, not all anyons are equally remarkable. The class of non-Abelian anyons is characterized by a degenerate Hilbert space which can be navigated by adiabatic particle exchanges. These (braiding) operations offer a promising approach to encode and manipulate gates for quantum information. With such goal in mind, one of the most distinguished is the τ anyon of Fibonacci topological order [3, 7] , obeying the fusion rule τ × τ = I + τ and offering a venue for universal (braiding-based) topo-logical quantum computing. Previous attempts at building models for Fibonacci topological order included the ν = 12/5 fractional quantum Hall phase of Read and Rezayi [8] , a trench construction between ν = 2/3 fractional quantum Hall and superconducting states [9] , and a recent interacting Majorana model based on a tricritical Ising coset construction [10] . Contrasting with these previous proposals, we set here to build a model for Fibonacci order in homogeneous systems (no heterostructures), in terms of regular complex fermions and, most importantly, at integral magnetic filling fractions.
Fibonacci topological order can be found in Wess-Zumino-Witten (WZW) conformal field theories (CFTs) based on the Lie groups G 2 and F 4 at level 1 [9, 11, 12] . Remarkably, an embedding exists from (G 2 ) 1 ×(F 4 ) 1 into a larger (E 8 ) 1 WZW CFT [13] . The E 8 group corresponds to the largest exceptional Lie algebra [14] and is the starting point of our discussion. Due to its internal algebraic structure [15] , (E 8 ) 1 only corresponds to trivial topological order, not supporting fractional excitations, similar to IQH plateaus. This suggests the existence of an incompressible fluid, here constructed and dubbed the E 8 quantum Hall state, that competes with some IQH phase. Indeed, the E 8 quantum Hall state is found to develop at filling fraction ν = 16, and its (E 8 ) 1 edge CFT displays a chiral central charge c E8 = 8 [16] [17] [18] with evencharged bosonic edge modes. It is set apart from the standard ν = 16 IQH liquid with c = 16 and fermionic edge modes. Finally, explicitly building the mentioned conformal embedding, we partition the E 8 state into two new G 2 and F 4 quantum Hall states with chiral central charges c G2 = 14/5 and c F4 = 26/5. These display topological order while remaining at integer filling fraction ν = 8, with even charged edge modes. We end up by (9) and (10) . The 2D bulk is fully gapped leaving just the chiral (E8)1 modes at the edges.
showing that these two Fibonacci phases are related by an unconventional particle-hole conjugation based on an unifying description coming from the Lie group E 8 .
The E 8 quantum Hall state -We begin with an array of electron wire bundles ( Fig. 1 black lines) with vertical positions y = dy, d being their displacement and y an integer label. Each bundle contains N wires carrying, at the Fermi level, left (L) and right (R) moving fermions whose annihilation operators admit a bosonized representation
forming a U (N ) 1 WZW theory. Here, a = 1, . . . , N indexes the wires, x is the coordinate along them, σ = R, L = +, − is the propagation direction and k σ ya is the Fermi momentum of each channel. The bosonic variables obey the commutation relations
To couple the fermions of different bundles and introduce a finite excitation energy gap, while leaving behind gapless chiral (E 8 ) 1 edges, two ingredients are necessary: (i) a basis transformation that extracts the (E 8 ) 1 degrees of freedom from U (N ) 1 (Fig. 1 
yellow boxes) and (ii) backscattering interactions between L-and R-movers
of different bundles to gap out all low energy channels throughout the bulk ( Fig. 1 dashed arcs) .
Regarding ingredient (i), it suffices to generate the eight simple roots basis of the E 8 root lattice. These assume, under bosonization, the general ansatz [16] 
Here α I is a simple root vector of E 8 so that
and K E8 II = α I · α I is the Cartan matrix of E 8 . The challenge here is to represent the E 8 roots as products of electron operators, so that their bosonized variables are related to the electronic ones by an integer-valued transformationΦ σ yI = U σσ Ia Φ σ ya . As a consistency condition from (2) and (4), σ U σσ Ia U σ σ I a = σδ σσ K E8 II . From (1) , the E 8 roots momenta and charges are related to the fermionic ones similarly:k σ yI = U σσ Ia k σ ya and q σ I = U σσ Ia q σ a , respectively. Such a basis transformation exists, but is not unique, and requires, in particular, N > 8 wires. To fix a solution, we demand the extra modes to correspond to a trivial fermionic sector. This way, one of the simplest constructions contains N = 11 wires, decomposing into a E 8 and three U (1) sectors [19] . In practice, we write
as unimodular matrix, decomposing U ηU
, where η σσ = σδ σσ . For our particular construction,
where the rows and columns of U σσ are respectively labeled by I, a = 1, . . . , 11. Rows I = 1 to 8 associate to the simple roots of E 8 , whose charge assignment is (q I=1,...,8 ) = (−4, 2, 0, 0, −2, 2, 0, 2). Rows 9 to 11 correspond to recombined (spin |h| = 1/2) Dirac fermions f σ yn ∼ exp iU σσ I=8+n,a (Φ σ ya + k σ ya x) , for n = 1, 2, 3, that generate U (3) 1 . They are also integral products of the original electrons and carry odd electric charges (q n=1,..,3 ) = (3, 1, 1).
Returning now to ingredient (ii), electron backscattering interactions generally require momentum commensurability to stabilize oscillatory factors [20] . To tune these phases, and break time-reversal as necessary in a quantum Hall fluid, we introduce a magnetic field perpendicular to the system ( Fig. 1 green crosses) . The Fermi momenta of the electron channels become spatially dependent as
according to the Lorenz gauge A x = −By and where k F,a are the bare Fermi momenta in the absence of field. The associated magnetic filling fraction can be expressed as
where φ 0 = hc/e is the magnetic flux quantum. At this point we introduce the wire-coupling interactions
From (3), and the corresponding bosonization of f σ yn , (9) and (10) carry the expected momentum-dependent oscillating factors e ikx which average out in the thermodynamic limit. Demanding the vanishing of these oscillations, i.e. requiring the backscattering interactions to conserve momentum, fixes a unique choice of ratios between the bare k F,a . Most remarkably, this identically fixes ν = 16 [12] .
Under the conditions above, and in a periodic geometry with N l bundles, the intra-and inter-bundle backscattering Hamiltonians introduce 11 × N l independent sine-Gordon terms satisfying the Haldane's nullity condition [21] . At strong coupling, the coupled-wire model therefore possesses a finite energy excitation gap.
The E 8 quantum Hall phase carries distinctive phenomenology. Opening the periodic boundary conditions leaves behind, at low energies, eight chiral E 8 boundary modes along the top and bottom edges, as illustrated in Fig. 1 . As consequence of the discrepancy between the magnetic filling factor and the number of E 8 edge modes, we predict an unconventional Wiedemann-Franz law [6] for the E 8 quantum Hall phase. A general set of gapless edge modes, as in regular IQH states, carries the differential thermal and electric conductances (or, equivalently, Hall conductances) [22] [23] [24] [25] [26] 
where e is the electric charge, h is Planck's constant, k B is Boltzmann constant, c is the chiral central charge and T is the temperature. For a standard IQH state, c = ν identic to the number of chiral Dirac electron edge channels. A deviation away from c/ν = 1 indicates the onset of a strongly-correlated many-body phase. Here, the E 8 quantum Hall phase carries 8 chiral edge bosons and therefore c E8 = 8, while ν = 16 is necessary to stabilize the phase. This leads to a modified Wiedemann-Franz law, where c E8 /ν = 1/2. We note in passing that the E 8 state is topologically related to a thin slab of a 3D e f m f topological paramagnet with time-reversal symmetry-breaking top and bottom surfaces [27, 28] . Like a topological insulator, hosting a 1D chiral Dirac channel with (c, ν) = ±(1, 1) along a magnetic surface domain wall, the e f m f topological paramagnet supports a neutral chiral E 8 interface with (c, ν) = ±(8, 0) between adjacent time-reversal breaking surface domains with opposite magnetic orientations [29] [30] [31] [32] . Comparing (c, ν) = (8, 16) = (16, 16) − (8, 0), the charged edge modes of the E 8 quantum Hall state are therefore equivalent to the neutral E 8 topological paramagnet surface interface up to 16 chiral Dirac channels, which exists on the edge of the conventional ν = 16 IQH state. In fact, the matrices K E8 and 1 1 16 ⊕ (−K E8 ) are related by a charge preserving stable equivalence [33] . Finally, the unimodularity of the E 8 lattice entails that all primary fields of the edge E 8 CFT are integral products of the simple roots (3), which are even products of electron operators. Hence, ignoring any edge reconstruction, the edge modes of the E 8 state support only evenly charged bosonic gapless excitations.
The Fibonacci states -The E 8 state constructed above serves as a stepping stone for building a coupled wires model of phases carrying (G 2 ) 1 or (F 4 ) 1 WZW CFTs at the edges. These correspond to phases with Fibonacci topological order. To build these models, we proceed with a conformal embedding of G 2 × F 4 into E 8 , guaranteed by the relationship among central charges c E8 = 8 = 14/5 + 26/5 = c G2 + c F4 [13, 16] . The conformal embedding is carried out by an explicit choice of the generators of F 4 and G 2 , denoted by [E F4 ] σ y,α and [E G2 ] σ y,α , where α are vectors in the F 4 or G 2 root lattices ∆ F4 or ∆ G2 , respectively. This embedding is also not unique, and is chosen by a particular decomposition SO(7) × SO(9) ⊆ SO(16) ⊆ E 8 that relies on refermionizing the E 8 generators into bilinear products of 8 nonlocal Dirac fermions. Subsequently, a specific choice is made to embed G 2 into SO (7) and extend SO(9) into F 4 . This construction is presented in detail in the supplementary material [12] . The found operators are linear combinations of the E 8 generators, which are even products of electron operators, and therefore carry even electric charge and spin 1.
Similar to the E 8 state, the coupled wire models for the F 4 and the G 2 quantum Hall phases are based on an array of 11-wire bundles. Fig. 2 shows the schematics of the backscattering terms in the F 4 quantum Hall Figure 2 . The coupled wire model (13) for the F4 Fibonacci quantum Hall state at filling ν = 8.
Hamiltonian. The G 2 state can be described using a similar diagram by switching the roles of G 2 and F 4 . The models are written with the intra-bundle backscattering (9) , which leaves behind a counter-propagating pair of E 8 modes per bundle. The G = F 4 or G 2 currents are then dimerized within or between bundles according to
The F 4 and G 2 quantum Hall states consist, respectively, of the ground states of the following models,
The momentum-conservation conditions have to be reimplemented to the many-body interactions in either (13) or (14) . Each phase is stabilized by its own distribution of electronic momenta k σ ya [12] , but both have the same magnetic filling ν = 8. At strong coupling,
gives rise to a finite excitation energy gap in the bulk, but leaves behind a gapless chiral F 4 (G 2 ) WZW CFT at level 1 at the boundary. As a consequence, the Wiedemann-Franz law is again unconventional in these phases, displaying c F4 /ν = 13/20 and c G2 /ν = 7/20.
According to the bulk-boundary correspondence, the anyon content of the F 4 and G 2 phases can be read from their boundary theories. In addition to the vacuum 1, each edge carries a Fibonacci primary fieldτ for (F 4 ) 1 and τ for (G 2 ) 1 , with conformal scaling dimensions 3/5 and 2/5 respectively. Each consists of a collection of operators, known as a super-selection sector, that corresponds to the 26 dimensional (7 dimensional) fundamental representation of F 4 (G 2 ) that rotates under the WZW algebra. Our construction allows an explicit parafermionic representation of these fields [12] . Here, we notice that since the current operators [E F4 ] α are even combinations of electrons, the Fibonacci operators within a super-sector differ from each other by pairs of electrons, and therefore correspond to the same anyon type. Moreover, they all have even electric charge and therefore the gapless chiral edge CFT only supports even charge lowenergy excitations. An analogous analysis follows for the G 2 case.
Particle-hole conjugation -The G 2 and F 4 Fibonacci states at ν = 8 half-fill the E 8 quantum Hall state, which has ν = 16. Remarkably, they are related under a notion of particle-hole (PH) conjugation that is based on E 8 bosons instead of electrons. A similar generalization of PH symmetry has been proposed for parton quantum Hall states [34] . The PH conjugation manifests in the edge CFT as the coset identities (
between energy-momentum tensors [12] . The coset E 8 /G can be understood as the subtraction of the WZW sub-algebra G from E 8 . The coset identities are direct consequences of the conformal embedding
The conventional PH symmetry of the half-filled Landau level has been studied in the coupled wire context [35] [36] [37] [38] . Here, the E 8 -based PH conjugation has a microscopic description as well. It is represented by an anti-unitary operator C that relates the E 8 bosonized variables between the two Fibonacci states
while leaving the recombined Dirac fermions unaltered, Cf σ yn C −1 = f σ yn . Since the E 8 root structure is unimodular the PH conjugation (15) is an integral action of the fundamental electrons,
J are integers, J, J are the collections of indices y, a, σ, and the product is finite and short-ranged so that it only involves nearest neighboring bundles |y − y | ≤ 1. The PH conjugation switches between intra-and interbundle interactions of the G 2 and F 4 currents, exchanging the two Fibonacci phases
Lastly, the coupled wire description artificially causes the PH conjugation to be non-local. Similar to an antiferromagnetic symmerty, C 2 unitarily translates the E 8 currents from y to y − 1.
We conclude the letter by suggesting possible experimental signatures of such quantum Hall states. As mentioned, the most evident phenomenological distinction of the E 8 , G 2 and F 4 states are modified Wiedemann-Franz laws with distinct c/ν ratios. Their presence in low temperature at filling ν = 16 or 8 could be verified by thermal Hall transport measurements. Similar thermal conductance observations have recently been recently performed for other fractional quantum Hall states [39, 40] . Moreover, all three quantum Hall states proposed in this letter carry bosonic edge modes that only support even charge gapless quasiparticles. This gives rise to a distinct shot noise signature across a point contact below the energy gap. The anyonic statistics of the Fibonacci excitations in the G 2 and F 4 states can be detected by Fabry-Perot interferometry.
We 
SUPPLEMENTARY MATERIALS
In this Supplementary material, we provide further details about the results quoted in the main text. We start in Section 1 by detailing the momentum conservation conditions of the backscattering interactions of our E 8 model described in the main text. This assigns the corresponding Fermi momenta k F,a of the 11 electronic channels in each bundle in this phase, importantly fixing the filling fraction of the E 8 quantum Hall state to be ν = 16. In the following Section 2, we provide the details for extending the E 8 model by decomposing the (E 8 ) 1 current algebra into (G 2 ) 1 ×(F 4 ) 1 , also known as a conformal embedding. With the explicitly built operators, transformations between the original electronic momenta and the G 2 or F 4 currents can be again arranged. With these currents, the coupled-wire model for the G 2 and F 4 Fibonacci phases of the main text can be considered explicitly. The necessary backscattering current interactions again constrain the momentum distributions, as shown in Section 3; both G 2 and F 4 phases Fibonacci are found to exist at magnetic filling fractions ν = 8. Finally, in Section 4, we focus on the relationship between Fibonacci topological order and G 2 and F 4 current algebras. Using the bulk-boundary correspondence, this is achieved by presenting the modular content of the chiral (G 2 ) 1 and (F 4 ) 1 WZW edge CFTs. Finally, we finish by exploring the relationship between the G 2 and F 4 groups and Fibonacci anyons, illustrating also their irreducible transformation properties as fundamental representations of their corresponding Lie algebras.
E8 Quantum Hall state and momentum commensurability conditions
We explore in more details the properties of the emergent E 8 WZW current algebra at level 1 in each of the 11-wire bundle. The E 8 currents were introduced in the main text using the unimodular matrix U defined in (6) and (5) . The bosonized variables Φ σ ya of the electron operators (1) are related to theΦ σ yI of the E 8 simple roots operators (3) by the linear transformationΦ σ yI = U σσ Ia Φ σ ya . This transformation induces a linear mapping between the associated charges and momenta of the fundamental electrons and of the E 8 simple roots, given bỹ
For instance, the electric charge assignments q I of the 8 simple roots in the Dynkin diagram in Fig 3 can be derived using the above formula by substituting the unit electric charge q σ a = 1 for all electronic channels. As mentioned in the main text, a principal step in building the coupled wire model relies in demanding commensurability conditions in the intra-and inter-bundle backscattering interactions (9) and (10) . This requirement takes the form of 11 vanishing (mod 2π) linear equations for the 11 unknown momenta, with coefficients that are also linear in the inverse of the filling fraction ν; these equations are given by
From the Fermi momenta k σ ya = (eB/ c)y + σk F,a of the 11 electronic channels (see Eq. (7)), one sees that the magnetic filling fraction appears only in the E 8 inter-bundle terms. Equating the determinant of this linear system to zero, so that a non-trivial solution to k F,a exist, we fully fix the filling ν as
This result could have been alternatively obtained from a corresponding effective Chern-Simons field theory, which determines ν =q T (K E8 ) −1q = 16, where the charge assignmentsq = (−4, 2, 0, 0, −2, 2, 0, 2) were given in Fig. 3 , for both chiralities, and where K E8 is the Cartan matrix of E 8 . Enforcing this filling fraction, the momentum commensurability condition has a unique solution (up to a single free Fermi-momentum parameter k F ). The momenta of the 11 bare electrons are given by
k σ y,10 =
With these, the σ = L and R channels of any of the three recombined fermions f σ yn , for n = 1, 2, 3, share the same momentum, and therefore the oscillatory terms in the intra-bundle backscattering interactions (9) cancel. Similarly, the inter-bundle terms in (10) also conserve momentum, ask R y,I =k L y+1,I for I = 1, . . . , 8.
A G2 × F4 conformal embedding into E8
a. From E8 to SO (16) The exceptional E 8 Lie algebra has dimension 248, which separates into 8 Cartan generators and 240 roots in the root lattice ∆ E8 . The Cartan generators are mutually commuting operators while the roots are raising and lowering operators of the "spin" eigenvalues. Here, we present a full bosonized description of the E 8 WZW current algebra at level 1 based on the 8 aforementioned simple roots in (3) and relate this description to an SO(16) embedding. This will later facilitate the G 2 × F 4 ⊆ E 8 embedding.
We begin by fermionizing the 8 simple roots operators. This expresses each E 8 root as either a pair or a half-integral combination of a set of 8 non-local Dirac fermions d σ yI ∼ exp i(φ σ yI (x) + k σ yI x) . The bosonized variables and momenta are related to that of the 8 simple roots byΦ
where the 8 × 8 R matrix is
The lines of the R matrix form a set of primitive basis vectors that are commonly adopted to generate the E 8 root lattice in R 8 . The R-matrix decomposes the Cartan matrix K E8 of E 8 into K E8 = RR T . Consequently, under the transformation (23), the equal-time commutation relation (4) 
. This ensures the vertex operators d σ yI ∼ exp i(φ σ yI (x) + k σ yI x) to represent spin 1/2 Dirac fermions. As we argue next, these fermions do not associate to natural excitations in the bulk or the edge of the quantum Hall states. Inverting the matrix (24) and multiplying by our original unimodular transformation U , one sees that all φ σ yI expressed in terms of the original electronic bosonized variables Φ σ ya involve half-integral coefficients. The non-locality is also revealed by their even charge assignments q = 0, ±2. The pair creation of such non-local Dirac fermions requires a linearly divergent energy in the coupled wire model and, as a result, these fermions do not arise as deconfined bulk excitations or gapless edge primary field. They should only be treated as artificial fields introduced to describe the WZW current algebra. Henceforth, where it leads to no confusion, we are suppressing the σ, y indices for conciseness.
By decomposing the 8 Dirac fermions into 16 Majorana fermions as d I = (ψ 2I−1 + iψ 2I )/ √ 2, the E 8 WZW current algebra can be related to an SO(16) 1 WZW current algebra. In terms of root systems, ∆ E8 is shown to be an extension of ∆ SO (16) , as follows. The root lattice of SO(16) 1 , ∆ SO (16) 
where the root vectors α = (α 1 , . . . , α 8 ) are
Each root vector α can be expressed as a linear combination α J = a I R J I , with the R matrix given in (24) and a I integer coefficients, which are the entries of the root vectors in the Chevalley basis. This integer combination ensures that every E 8 root operator in (26) is an integral combination of local electrons (1) . Since each of these vertex operators is a spin-1 boson, it must be an even product of electron operators and therefore must carry an even electric charge.
The fermionization of the E 8 presented above allows us to represent each and every E 8 root using a vertex operator (23) and (26)). To complete the algebra structure, the 8 Cartan generators of E 8 , which are identical to the Cartan generators of SO (16) , are given by the number density operators
This also allows an explicit conformal embedding of the G 2 and F 4 WZW CFTs in the E 8 theory at level 1. (8), all of which act on ψ 9 , ..., ψ 16 . As we will see, accompanying the SO(8) vectors with the remaining Majorana ψ 8 in SO (9) and the SO(8) spinors with two special emergent fermions, we are able to to embed the F 4 currents in E 8 in a way that is fully decoupled from G 2 . To abridge, G 2 is a bit smaller than SO (7) while F 4 is a bit bigger than SO (9) , and the two WZW algebras at level 1 completely decomposes (E 8 ) 1 .
To construct the embedding explicitly, we start by representing the SO(7) Kac-Moody currents with Majorana fermions as J a SO (7) = −i : ψ i Λ a ij ψ j : /2, where Λ a are generators of the SO(7) Lie algebra. We introduce the complex fermion combinations and bosonized representations, c j = (ψ 2j−1 + iψ 2j )/ √ 2 = e iφ j where the bosons obey
with the sgn accounting for mutual fermionic exchange statistics. We then follow reference [41] to embed G 2 generators into SO (7) . The resulting Cartan generators H 1,2 G2 of G 2 are
while the positive long roots are
To bosonize the positive short roots, we need ψ 7 = e iφ4 + e −iφ4 / √ 2, yielding
The negative roots can be obtained by simple Hermitian conjugation. Now we move on to F 4 . Our goal is to define the F 4 currents in terms of SO (16) degrees of freedom in a way that the operators decoupled from G 2 , in the OPE sense. Since we used the SO (7) part, generated by fermions ψ 1,...,7 to define the G 2 operators, we may facilitate the decoupling of the currents by using the remaining SO(8) subalgebra, generated by ψ 9,..., 16 . This is achieved by carefully sewing F 4 into the full degrees of freedom of SO (16) . The Cartan generators can be chosen to be the ones in the SO (8) subalgebra
The group F 4 has 48 roots, 24 short and 24 long. The 24 long roots are identical to those of SO (8) , and may be written in bosonized form as
where α 1 = . . . = α 4 = 0 and (α 5 , . . . , α 8 ) ∈ Z 4 | |(α 5 , . . . , α 8 )| 2 = 2. The 24 short roots of F 4 correspond to 8 vector and 16 spinor representations of SO (8) . To write the 8 vector roots, we increment the vertex operators with fermion ψ 8 , obtaining
Finally, the 16 spinors read
where the spinor labels are s ± = (0, 0, 0, 0, s 5 , s 6 , s 7 , s 8 ) with s 5 s 6 s 7 s 8 = ±1; the critical step here lies in the inclusion of the Majorana fermions
where ω ± are U (1) phases to be determined. Combining the vertices with the fermions,
Our goal is to decouple the G 2 and F 4 currents in the SO(16) embedding. Computing the OPEs between all G 2 and F 4 operators, one recognizes that singular terms only arise between G 2 short roots and F 4 short roots from SO (8) spinors. These singular terms, however, can be made to vanish with an appropriate choice of ω ± following
Distinct solutions only differ by a sign, which can be absorbed in the Majorana fermion ψ ± . We pick
This completes the proof that the G 2 and F 4 embeddings decouple and act on distinct Hilbert spaces. As a non-trivial check of the conformal embedding, one may compute the energy-momentum tensors, seeing that the E 8 tensor decouples identically into those of G 2 and F 4 under the construction above. By definition, WZW energy momentum tensors at level 1 read [16] T (z) = (J · J) (z) 2 (1 + g) , (40) with J a a Sugawara current, g dual coxeter number, and the normal ordering defined as
The contraction of the Sugawara currents can be written in the Cartan-Weyl basis
where the α sum is over the full root lattice, while j sums over the generators of the Cartan subalgebra. We have absorbed the normalization factors into the root operators.
We are then ready to verify the energy-momentum tensor decoupling via the conformal embedding. Under the SO(16) embedding, the E 8 tensor reduces to
which is, in fact, of the same form of the SO(16) energy-momentum tensor.
To fully verify the conformal embedding, one may compute the energy momentum tensors of the G 2 and F 4 CFTs. This calculation requires lengthy but straightforward bookkeeping, and will not be presented in here. The operators T G2 and T F4 are found to be
and
where
The sum of these two expressions returns T E8 , as it should, finishing the verification of the conformal embedding.
G2 and F4 quantum Hall states momentum commensurability conditions
To stabilize the G 2 and F 4 Fibonacci phases, a process of fixing a distribution of Fermi momenta for the 11 electronic channels (1) in the coupled wire model is necessary. This is analogous to the one used for the E 8 Quantum Hall state. Applying the process for the F 4 Fibonacci phase, i.e. demanding commensurability conditions on the momenta so that oscillatory terms cancel from interactions in (13) , results in the unique non-trivial solution (up to the single free parameter 
Similarly, demanding momentum commensurability in (14) , one obtain the Fermi momentum distribution for the coupled wire model for the G 2 Fibonacci quantum Hall state. Our prime motivation for studying (G 2 ) 1 and (F 4 ) 1 WZW theories stems from the claim that both carry excitations in the form of Fibonacci anyons. Here we will provide a short demonstration of that, and then follow with a coset construction that allows us to profit from the embeddings discussed up to now to explicitly build the corresponding Fibonacci primary fields.
To see that the only excitations in (G 2 ) 1 and (F 4 ) 1 are Fibonacci anyons, we can start by noticing that at level 1, these theories contain only 1 non-trivial primary field besides the vacuum I. We name these fields τ for (G 2 ) 1 andτ for (F 4 ) 1 . Following, we invoke the Gauss-Milgram formula; this formula is an avatar of the bulk-boundary correspondence. It connects quantities that point to the bulk anyon excitations of a topological phase to the CFT degrees of freedom that live at its boundary. Stating the formula explicitly, we have
where D 2 ≡ a d 2 a is the total quantum order and d a are called quantum dimensions, quantities that characterize bulk anyons, while θ a = e i2πha are conformal spins, determined quantum dimentions h a , and c is the chiral central charge; the latter two quantities characterize the CFT at the edge of the topological phase. The sum is over all primary fields of the CFT or, correspondingly, all anyons. By definition d I = 1 and h I = 0. Furthermore, the conformal dimension of a primary field a of a WZW theory is completely determined by its Lie algebra content by h a = Ca 2(k+g) , [16] where k is the level, g is the dual coxeter number and C τ is the quadratic Casimir of the representation. Collecting these numbers, h τ = 2/5 and hτ = 3/5, leaving a single unknown in the Gauss-Milgram formula, namely d τ or dτ for G 2 or F 4 . Solving for these,
which is the Golden ratio expected for Fibonacci anyons. Since the quantum dimensions obey a algebraic version of the fusion rulesy, these follow imediately as τ × τ = I + τ . Equivalently, the fusion rules can be explicitly determined by the modular (2 × 2) S-matrices of the theory using the Verlinde formula. We thus established that the chiral (G 2 ) 1 and (F 4 ) 1 WZW edge CFTs contain primary fields that obey the Fibonacci fusion rules. They correspond to Fibonacci anyonic excitations in the 2D bulk, and thus we refer to them as Fibonacci primary fields. Let us now construct explicit expressions for them based on our conformal embedding here developed.
The non-trivial primary fields [τ ] and [τ ] are associated with the fundamental irreducible representations of their respective exceptional Lie algebras. Each of them consists of a super-selection sector of fields, [τ ] = span{τ m } m=1,...,7 and [τ ] = span{τ l } l=1,..., 26 , that rotate into each other by the WZW algebraic actions
where z, w ∼ e τ +ix are radially ordered holomorphic space-time parameters, γ and β are the roots of G 2 and F 4 , and ρ G2 and ρ F4 are the 7-and 26-dimensional irreducible matrix representation of the G 2 and F 4 algebras. Here, we provide a parafermionic representations of these fields that constitute the Fibonacci super-sectors. Using the coset construction, each Fibonacci field τ m ,τ l can be expressed as a product of two components: (1) a non-Abelian primary field of the Z 3 parafermion CFT or the tricritical Ising CFT, respectively, and (2) a vertex operator of bosonized variables. The (G 2 ) 1 WZW CFT can be decomposed into two decoupled sectors using its SU (3) 1 sub-algebra.
For instance, the decomposition agrees with the partition of the energy-momentum tensors T Z3 = T (G2)1/SU (3) Next, we focus on the (G 2 ) 1 /SU (3) 1 coset, which is identical to the Z 3 parafermionic CFT. It supports three Abelian primary fields I, Ψ, Ψ −1 and three non-Abelian ones τ, ε, ε −1 . They have conformal dimensions h I = 0, h Ψ = h Ψ −1 = 2/3, h τ = 2/5 and h ε = h ε −1 = 1/15. They obey the fusion rules
The Fibonacci primary field of (G 2 ) 1 is the 7-dimensional super-selection sector
All seven fields share the same conformal dimension h τ = 2/5. For example, h ε⊗[E] = 1/15 + 1/3 = 2/5. The super-sector splits into three components under SU (3). However, they rotate irreducibly into each other under G 2 . The Fibonacci primary field of (F 4 ) 1 can be described in a similar manner. First, using the SO(9) 1 sub-algebra, the WZW CFT can be factored into two decoupled sectors (F 4 ) 1 SO(9) 1 × (F 4 ) 1 SO(9) 1 = SO(9) 1 × (tricritical Ising).
Like the previous G 2 coset decomposition, here the energy-momentum tensor and central charge also decompose accordingly: c((F 4 ) 1 ) = 26/5 = 9/2 + 7/10, where 9/2 and 7/10 are the central charges for SO(9) 1 and the tricritical Ising CFTs. The Fibonacci super-selection sector of (F 4 ) 1 consists of fields, which are linear combinations of products of primary fields in SO(9) 1 and the tricritical Ising CFTs. We first concentrate on SO(9) 1 . It supports three primary fields I, [ψ] and [Σ] with conformal dimensions h I = 0, h ψ = 1/2 and h Σ = 9/16 and respectively associate to the trivial, vector and spinor representations of SO (9) . Using the fermionization convention of E 8 , the SO(9) 1 theory is generated by the 9 Majorana fermions ψ 8 , . . . , ψ 16 , where the last 8 Majorana fermions are paired into the 4 Dirac fermions d I = (ψ 2I−1 +iψ 2I )/ √ 2 ∼ e iφ I , for I = 5, 6, 7, 8. The vector primary field consists of any linear combinations of these 9 fermions [ψ] = span{ψ 8 , . . . , ψ 16 }. We arbitrarily single out the first Majorana fermion ψ 8 , which is not paired with any of the others, and associate it to an Ising CFT. This further decomposes SO(9) 1 = Ising × SO(8) 1 .
(57)
The spinor primary field of SO(9) 1 decomposes into a product between the Ising twist field σ and the SO(8) 1 spinors.
[Σ] = span σ exp i 2 8 I=5 I φ I : 5 , . . . , 8 
The conformal dimension of σ is 1/16 and that of the SO(8) 1 spinors are 1/2. Thus, they combine to the appropriate conformal dimension of h Σ = 9/16 for each field in the set. The dimension of the SO(9) spinor representation
